The optical response of superconductors with odd-frequency Berezinskii pairing is studied. By using a simple model with a parabolic dispersion law and a non-magnetic disorder, the spectral function, the electron density of states, and the optical conductivity are calculated for a few gap ansatzes. The spectral function and the electron density of states clearly reveal the gap for the Berezinskii pairing for sufficiently strong frequency dependence of the order parameters. It is found that, similarly to the conventional BCS pairing, the odd-frequency gaps induce peaks in the real part of the conductivity, which, however, are sharper than in the BCS case. The magnitude and position of these peaks are determined by the frequency profile of the gap. The imaginary part of the optical conductivity for the Berezinskii pairing demonstrates sharp cusps that are absent in the case of the BCS superconductors. The corresponding results suggest that the Berezinskii pairing might allow for the optical transparency windows related to the onsets of the attenuation peaks in the real part of the conductivity. Thus, the study of the optical response not only provides an alternative way to probe the odd-frequency gaps but can reveal also additional features of the dynamic superconducting pairing.
I. INTRODUCTION
Odd-frequency (OF) superconductivity was suggested by Berezinskii in the 1970s as a possible order parameter for superfluid He 3 [1] . He pointed out that the pairing states could have specific symmetry properties, which later were shown to be classified via the so-called SP * OT * rule, for a review see Ref. [2] . This rule clarifies the symmetry of the superconducting gap under the operation of the spin-permutation S, coordinate-inversion P * , orbital-interchange O, and time-permutation T * . Symbolically, the rule can be written as
and provides a transparent way to classify the superconducting gaps with respect to their symmetry properties without knowing microscopic details of the pairing. The crucial ingredient for the OF pairing in Eq. (1) is the time-permutation T * symmetry. This latter was used by Berezinskii to suggest a spin-triplet (S = +1) s-wave pairing (P * = +1) channel in He 3 (where the orbital index is O = +1). Although the odd-frequency pairing channel in He 3 was not confirmed, the concept of the nonlocal in time pairing proved to be a fruitful theoretical idea.
In the 1990's the concept of the OF or, equivalently, Berezinskii pairing was rekindled in the context of superconductivity by Balatsky and Abrahams [3, 4] . There are numerous examples that the OF superconducting states might naturally appear in various condensed matter systems [2] . The often mentioned examples include superconducting heterostructures, where the Berezinskii OF * Electronic address: pavlo.sukhachov@su.se component can be induced as a result of scattering on either normal or ferromagnetic material brought in the contact with the superconductor [5] [6] [7] [8] [9] . Similar effect was predicted to appear also on the boundary with the unconventional superconductors [10] [11] [12] [13] . The OF superconducting state might appear near the Abrikosov vortex core in the type-II superconductors [14] [15] [16] [17] [18] [19] . It is natural to expect the Berezinskii pairing in the systems that experience a time-dependent drive [20, 21] .
As is evident from the SP * OT * rule (1), another potentially viable possibility to achieve the Berezinskii-type pairing, is to consider various multiband systems [21] [22] [23] [24] [25] . Another platform where OF pairing might naturally appear in Dirac and Weyl semimetals [26] , where chirality of Weyl or Dirac nodes plays the role of the band index.
Recently, topological superconductors appeared as a new platform to realize unconventional types of the pairings. (For reviews on topological superconductivity, see Refs. [27] [28] [29] .) It was demonstrated that the zeroenergy quasiparticle states in topological superconductors, known as the Majorana states [30] [31] [32] , provide a natural way to achieve a mixed pairing state, where both the even-and odd-frequency components are simultaneously present [33] .
Until now, there is no definite experimental evidence for the OF superconductivity in the ground state. Spectroscopic signatures of OF Cooper pairs were seen in the density of states (DOS) [34] as well as the possible paramagnetic Meissner response [35] . It is worth noting, however, that the latter is strongly debated (see e.g., Refs. [36, 37] ) and should be considered with caution.
The notion of OF pairing is a relatively new concept and complete understanding of this pairing and its properties is still developing. To facilitate better understanding of OF state and provide a better guidance of Berezinskii pairing, we calculate both the local DOS and spec-troscopic features like optical conductivity in clean and disordered Berezinskii superconductors for a few choices of OF gaps. To the best of our knowledge, optical conductivity of the OF pairing state was not investigated before.
Electronic transport and optical response are the often used tools to detect transitions and onset of superconducting state in conventional superconductors [38, 39] . The real part of the optical conductivity describes the attenuation of the electromagnetic waves and the imaginary one quantifies the dielectric properties. It is clear that the corresponding study is important not only from a theoretical point of view but could be useful for the experimental identification of OF Cooper pairs.
By using a simple model of OF superconductors with a parabolic dispersion law and a non-magnetic disorder, which nevertheless captures the key features of the Berezinskii pairing, we calculate the optical conductivity in the standard Kubo linear response approach. It is found that the OF pairing allows for the peaks in the real part of the optical conductivity, whose form and position depend on the specific frequency dependence of the gap. For the frequencies that correspond to these peaks, the sharp cusps appear in the imaginary part, as is indeed expected from the Kramers-Kronig relations. The form of these cusps is, however, nontrivial for the OF pairing. In particular, the imaginary part of the optical conductivity can become negative allowing for the optical transparency windows. We believe that these predictions will stimulate the experimental search and identification of the Berezinskii pairing via optical probes. In addition to the optical conductivity, the spectral function and the electron DOS are also obtained. While they clearly demonstrate the generation of the spectral gap and coherence peaks for the sufficiently strong frequency dependence of the gaps, the corresponding results lack universal signatures that can be used to unambiguously distinguish odd-and even-frequency pairing channels.
The paper is organized as follows. We introduce the model of an OF superconductor and provide the key definitions in Sec. II. A few ansatzes are assumed for the OF gaps. Sec. III is devoted to the spectral function and the electron DOS. The optical response is calculated and the corresponding results for the real and imaginary parts of the conductivity are given in Sec. IV. Our results are discussed and summarized in Sec. V. Technical details including the optical sum rule are presented in Appendix A. Throughout this paper, we set = k B = 1.
II. MODEL
In this section, we present the minimal model of the OF pairing as well as provide the key definitions that will be used in the analysis of the spectral function, the DOS, and the optical conductivity below.
A. Green's functions in the Nambu space
Since the OF pairing is a dynamic quantum order that is essentially nonlocal in time, the corresponding meanfield Hamiltonian cannot be formulated [36, 37] . By using the effective action approach for the OF superconductors elaborated in Refs. [36, 37] the retarded (advanced) Green function in the Nambu space readŝ
where 1 2 is the 2 × 2 matrix in the Nambu space and
is the free Hamiltonian in the Nambu space. In addition, ω is the frequency, ξ = p 2 /(2m) − µ is the quasiparticle energy with respect to the Fermi level, p is the momentum, µ is the electric chemical potential, and m is the mass of a charge carrier. The gap matrix∆(ω, p) is defined as∆
The physical meaning of the coefficient Z(ω, p) will be clarified in Sec. III. Here we note that it might appear in the Green function due to the wave function renormalization when the generation of the OF gap is considered self-consistently. In this study, however, it will be treated phenomenologically. By inverting Eq. (2), the explicit form of the Green function in the Nambu space readŝ
where τ are the Pauli matrices that act in the Nambu space and τ ± = τ x ± iτ y . Note that the gap ∆(ω, p) is a function of both frequency and momentum and, in general, can describe both even-and odd-frequency pairings of different symmetries (e.g., s-or p-wave pairings).
B. Gap ansatzes
As the starting point in our analysis of the OF pairing, we use two reasonable anzatses for the s-wave OF gap, i.e., ∆(ω, p) = αω
These gaps at a few different values of the control parameter β are shown in Figs. 1(a) and 1(b), respectively. It is clear that the gap given in Eq. (6) has a step-like dependence on the frequency for small values of β. Indeed, it reduces to one of the simplest OF gaps at β → 0, i.e., ∆(ω) → α sgn (ω). On the other hand, the gap in Eq. (7) has a nonmonotonic dependence on ω, where the peak-like features are clearly seen for small values of β. It is worth noting that the gaps of a different symmetry can be described by replacing α with a suitable momentum-dependent function. For example, the pwave pairing can be described by redefining α → α cos ϕ where ϕ = arctan (p y /p x ).
C. Effects of disorder
Disorder plays an important role in transport properties of any material. Since it is ubiquitously present in real samples, it is convenient to include the corresponding effects in our study of the optical response. By following the standard textbook approach (see, e.g., Refs. [38] [39] [40] , the effects of impurities are taken via the self-energy correction to Green's function aŝ
whereŜ −1 (ω, p) is the inverse free Green function, which straightforwardly follows from Eqs. (2) or (8) . Further,
whereD(Ω − ω, q − p) is the disorder propagator and n = 2, 3 is the spacial dimension of the superconductor. For simplicity, let us consider the case of a non-magnetic disorder with the following propagator:
Here u 0 is the strength of the disorder potential and n imp is the concentration of impurities. It is clear that such disorder does not change the pairing state of the electrons. In addition, we employ the conventional approximation valid in material with a large Fermi surface, i.e.,
Here Λ in the energy scale, ν 0 is the density of states at the Fermi level,
and dΩ p denotes the integration over angles, i.e.,
2D
:
3D:
Then, the self-energy in Eq. (9) can be rewritten aŝ
where we introduced the relaxation time τ as follows:
By calculating the integral over ξ, we obtain
and
Here θ(x) is the Heaviside step function. For simplicity, we assumed that Λ → ∞ and the dependence of Z(ω, p) and ∆(ω, p) on ξ is weak. Since the relaxation time τ is a free parameter of the model, we believe that such an approximation should be correct at least qualitatively. Then, by using Eq. (8), we obtain the following Green's function: 
. (20)
The coefficient η contains real and imaginary part, η = η Re ∓ iη Im , where
Note that the sign − (+) in η corresponds to the advanced (retarded) Green functionĜ
In the case of s-wave superconductivity, the gap does not depend on the angles. Therefore, the corresponding integrals can be trivially taken and give 2π in 2D or 4π in 3D. The case of p-wave gaps, where α → α cos ϕ, is more complicated and does not allow for simple analytical expressions. Technically, this is related to the unit step functions.
It is worth noting that the Anderson theorem [41]
holds in the case under consideration. One can verify that the obtained results are valid, at least within the range of used approximations, even if the self-energy is considered self-consistently (i.e., with the full Green function G(ω, p) instead of S(ω, p) in Eq. (9)). Indeed, as follows from Eqs. (18) and (19), the self-energy does not change when the terms with ω, ∆, and ∆ † are rescaled simultaneously.
III. SPECTRAL FUNCTION AND DENSITY OF STATES
In this section, we discuss possible signatures of the Berezinskii pairing in the spectral function and the electron DOS. Indeed, these quantities are of outmost importance for various spectroscopic probes such as the angleresolved photoemission and scanning tunneling spectroscopies. Therefore, it is important to clarify whether the even-and odd-frequency parings can be easily distinguished by such direct probes.
A. Spectral function
The spectral function is defined as [38, 42, 43] 
In the clean case τ → ∞ the corresponding expression reads aŝ
The spectral function for dirty superconductors is more complicated, i.e.,
Note that Green's function can be easily restored via known spectral function aŝ
Before proceeding with the characteristic features of the Berezinskii pairing, let us discuss the role of the coefficient Z(ω, p). According to Refs. [42] [43] [44] , the electron part of the spectral functionÂ(ω, p) in the Nambu space integrated over all frequencies, i.e.,
should satisfy the following sum rule:
It is straightforward to check that neither conventional BCS ∆(ω) = α nor simplest odd-frequency gap ∆(ω) = α sgn (ω) breaks the sum rule (29) at Z(ω, p) = 1. One can check, however, that the OF gaps ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 generically break the sum rule if Z(ω, p) is ignored (see the results in Appendix A). The deviations might be severe at certain values of β where the spectral gap closes. Therefore, in order to mitigate the breakdown, we introduced the additional coefficient Z(ω, p), which could originate from the self-consistent treatment of the gap similarly to the conventional Eliashberg approach. Since the selfconsistent approach is not employed in this study, we determine Z(ω, p) from the sum rule itself. In order to simplify the solution of the complicated integral equation, it is reasonable to assume that Z(ω, p) ≈ Z(ξ). In order to find characteristic spectroscopic signatures of the Berezinskii pairing, let us consider the simplest case of s-wave pairing. We present the trace of the spectral function A tr = trA(ω, p) as a function of ω and ξ for ∆ = 0, ∆ = α, and ∆ = α sgn (ω) in Fig. 3 . While the conventional superconducting gap ∆ = α has a welldefined qualitative manifestation in the spectral function, it is indistinguishable from the simplest OF gap ∆ = α sgn (ω). Indeed, this follows from the fact that the trace of the spectral function depends only on the absolute value of the gap.
The results for the OF gaps ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 are shown in Figs. 4 and 5, respectively. As expected, A tr for the small values of β in Fig. 4 (a) almost coincides with that for both ∆ = α and ∆ = α sgn (ω) in Fig. 3(b) . With the increase of β, the gap in the spectrum slowly diminishes until it completely closes at β ≈ α/Λ. Then, the spectral function quickly reduces to that in the normal state and at large β is almost undistinguishable from the results in Fig. 3(a) . The dependence of A tr on ω and ξ for ∆ = αωΛ/ ω 2 + β 2 Λ 2 is similar and is presented in Fig. 5 . While the gap is clearly visible at small, it disappears at large values of β. For both ansatzes, the results at large β are almost indistinguishable from those for the normal state in Fig. 3(a) .
In order to calculate the critical values of the parameter β that corresponds to the vanishing of the spectral gap, let us consider the frequencies around which the spectral function is peaked. In the clean case, they are determined by the following equations for the gap ansatzes ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 , re- 
). In both panels we set τ → 10/Λ, α = 0.1Λ, and T = 0. spectively:
It is clear that at |ω| ≪ Λ, α the roots of the Eqs. (30) and (31) are absent for |βΛ| < |α| and |β 2 Λ| < |α|, respectively. Therefore, the critical values of β at which the spectral gap closes are β = α/Λ for ∆ = αω/ ω 2 + β 2 Λ 2 and β = α/λ for ∆ = αωΛ/ ω 2 + β 2 Λ 2 .
B. Density of states
The electron density of states is another important quantity that is used to probe the formation of the superconducting gap. In the model at hand, it reads as 
The results for the DOS in the case of ∆ = 0, ∆ = α, and ∆ = α sgn (ω) are shown in Fig. 6 . For definiteness, we assumed s-wave pairing in 2D. Note, however, that due to the approximation of a large Fermi surface, the results are qualitatively the same for 3D superconductors too. The deviations from ν 0 at large ω in Fig. 6(a) are related to the disorder effect and the use of a finite cutoff Λ in the integration over ξ. As expected, the coherence peaks at |ω| = |α| are formed for the BCS type of the gap, ∆ = α (see Fig. 6(b) ). Since the DOS (32) is sensitive only to the absolute value of the gap, the same dependence is also valid for the OF gap ∆ = α sgn (ω).
The electron DOS as a function of ω for the OF gaps ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 is presented in Figs. 7(a) and 7(b) , respectively, for a few values of β. quickly diminish with the flattening of the frequency profile of the gap, however. In addition, the electron DOS shows a well pronounced local minimum while approaching the peak for intermediate values of β. The origin of this feature is related to the coefficient Z(ξ) and the conservation of the spectral density. Our results suggest that the trace of the spectral function A tr = trA(ω, p) and the electron DOS ν demonstrate a few interesting features. For example, unlike naive expectations, the Berezinskii pairing might lead to the spectral gap despite the fact that ∆(ω) is odd in frequency. Indeed, this follows from the self-consistent solution for the poles of the Green function, which are absent for small values of ω. Further, depending on the frequency profiles of the gap ansatzes, the spectral gap might close when the frequency dependence is weak. In general, however, it might be hard to distinguish the OF gaps from their even-frequency counterparts by studying the spectral function and the electron DOS only. The corresponding distinctive features of the Berezinskii paring might appear in the optical conductivity, which will be discussed in the next section.
IV. OPTICAL CONDUCTIVITY A. General definitions
The optical conductivity tensor is given by the following standard expression in the Kubo linear response formalism (see, e.g., Refs. [42] [43] [44] ):
Here the first term in the curly brackets ∝ Ĝ (0, 0) is the diamagnetic term and the second one, which is determined by the polarization operator ∝ Π ij (Ω + i0, 0), is the paramagnetic term. By definition, Ĝ (0, 0) = 2n.
[An additional factor 2 comes from the fact that the Green function in the Nambu spaceĜ (0, 0) effectively contains doubled number of the degrees of freedom.] Here the fermion number density is
and p F = √ 2mµ is the Fermi momentum. The general expression for the polarization tensor reads as
Here ω l = (2l + 1)πT are the fermionic Matsubara frequencies, T is temperature,ĵ = −ep/m1 2 ≈ −ep Fp /m1 2 is the electric current operator, and −e is the electron charge. By using the relation for the Green function (27) , one can rewrite Eq. (36) in a more convenient form, i.e.,
Here the summation over the Matsubara frequencies was performed in the second equality and n F (ω) = Let us start with the real part of the conductivity tensor Re σ ij (Ω). As follows form Eq. (33), it is determined by the imaginary part of the polarization tensor, which reads as
Here we used the Sokhotski formula
where v.p. stands for the principal value. Thus, the real part of the electric conductivity tensor reads
where the explicit expression for the spectral function A (ω, p) is given in Eq. (26) . It is convenient to normalize the optical conductivity by the dc conductivity in the normal phase, which reads as
The imaginary part of the optical conductivity tensor σ ij (Ω) consists of two parts: (i) the diamagnetic term quantified by G (0, 0) in Eq. (33) and (ii) the paramagnetic term determined by the polarization operator Π ij (Ω + i0, 0). The diamagnetic term immediately follows from the definition of the density Ĝ (0, 0) = 2n and reads as
The paramagnetic contribution is
where Eq. (39) was used. Thus, the imaginary part of the conductivity reads as
In order to simplify the calculations, it is convenient to consider the clean limit τ → ∞ for the imaginary part of the conductivity tensor. Then, Eq. (44) can be rewritten as
whereω l andω n are the real roots of equation
The corresponding explicit expressions are cumbersome for the OF gaps ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 . Therefore, we do not present them here.
In the following two subsection, the results for the real and imaginary parts of the optical conductivity will be discussed.
B. Real part of the optical conductivity
Let us start our analysis with the real part of the optical conductivity. For simplicity, we assume that the pairing occurs in the s-wave channel. From the technical viewpoint, this case is much simpler since integrals over the angles are trivially performed. In addition, the conductivity tensor is diagonal, i.e., σ ij = δ ij σ.
The real part of the optical conductivity for ∆ = 0 at a few τ and ∆ = α at a few α is given in Figs. 8(a) and 8(b), respectively. As expected, the textbook Drude conductivity is reproduced at ∆ = 0. Further, the results at ∆ = α suggest that the ac conductivity is zero at small frequencies |Ω| 2|∆|. The conductivity quickly increases at |Ω| 2|∆| and after reaching a peak slowly diminishes coinciding with σ(Ω) in the normal phase at Ω → ∞. This finding agrees with the well-known result obtained by Mattis and Bardeen [45] , albeit includes the effects of non-magnetic disorder.
The peaks in the conductivity occur also for the Berezinskii pairing. In the case of a simple gap ∆(ω) = α sgn (ω), they are shown in Fig. 8(c) . While their positions are the same as for the BCS pairing shown in Fig. 8(b) , the amplitude is significantly larger and the peaks are sharper. This observation might be useful to pinpoint the OF pairing in optical experiments. Moreover, the difference between the results in Figs. 8(b) and 8(c) is particularly interesting since neither the spectral function nor the electron DOS can be used to distinguish the gaps ∆(ω) = α and ∆(ω) = α sgn (ω). Indeed, while these spectroscopic methods depend only on the absolute value of the gap, the optical conductivity includes the terms ∝ ∆(ω)∆ † (ω − Ω), which is obviously different for ∆(ω) = α sgn (ω) and ∆(ω) = α.
In order to clarify what universal features exist for the Berezinskii pairing, let us consider more complicated ansatzes for the OF gaps, i.e., ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 . The results for the former at three values of β are shown in Fig. 9 . As can be expected from the results for the spectral function and DOS in Sec. III, the conductivity for small β (β = 10 −2 ) given in Fig. 9(a) is similar to that for ∆ = α sgn (ω) and shows characteristic peaks at |Ω| ≈ 2|α|. As for the case of large β (β = 1) shown in Fig. 9(c) , Re σ resembles that in the normal phase (cf. with Fig. 8(a) ). Indeed, such a result can be inferred from the spectral function and the DOS (see Fig. 4(c) and 7(a) ). In the case of the intermediate values of β, the results also demonstrate the peaks, which are shifted toward smaller frequencies.
The results for the other gap ansatz, i.e., ∆ = αωΛ/ ω 2 + β 2 Λ 2 , are shown in Fig. 10 for a few values of β. The behavior of the gap at both small and large of the parameter β qualitatively resembles that for ∆ = αω/ ω 2 + β 2 Λ 2 , i.e., the peaks are absent and the dependence on the gap strength is weak. On the other hand, the position of the peaks are no longer given by |Ω| = 2|α| even at small β. In addition, they generically have a smaller amplitude. In the case of intermediate values of β, the peak is present only for sufficiently strong gap and gradually shifts toward Ω = 0 with the decrease of α.
It is worth noting that both realistic gap ansatzes have qualitatively the same optical conductivity for large values of β, which is weakly sensitive to the amplitude of the gap. Therefore, while the OF pairing might be still present, it has almost no manifestations in the optical response and spectroscopic signals. This finding might explain why it is hard to experimentally find the signatures (c) ). We set T = 0 in all panels and τ = 10/Λ in panels (b) and (c).
The real part of the optical conductivity for ∆ = αω/ ω 2 + β 2 Λ 2 at a few values of α. We set β = 0.01 (panel (a)), β = 0.09 (panel (b)), and β = 1 (panel (c)). In addition, τ = 10/Λ and T = 0 in all panels.
α=0.025×Λ α=0.05×Λ α=0.1×Λ of the Berezinskii pairing. As for the case of small values of β, the position and the amplitude of the observed attenuation peaks (i.e., the peaks in Re σ) strongly depend on the frequency profile of the gap. Moreover, they are generically higher and have a sharper form than their counterparts for the BCS pairing. Thus, unlike the spectral function and the electron DOS, which fail to distinguish ∆ = α and ∆ = α sgn (ω), the optical absorbtion quantified by Re σ provides an alternative route to separate the Berezinskii and even-frequency pairings.
C. Imaginary part of the optical conductivity
For completeness, we also discuss the imaginary part of the optical conductivity. To simplify the presentation, we consider the case of clean superconductors with the s-wave pairing, where Im σ ij is given in Eq. (45) . [This has an additional benefit because allows one to separate the effects of the disorder and OF pairing.] Further, it is convenient to present the results normalized to the diamagnetic term in the optical conductivity (42), i.e.,
(Ω). In the case of the simple BCS gap ∆ = α, the imagi-nary part of the optical conductivity is trivial and is given by primarily diamagnetic term σ diam . The results for a simple OF gap ∆ = α sgn (ω) are shown in Fig. 11 . One can clearly see that there are cusp-like features where the imaginary part of the optical conductivity can change the sign. As expected from the Kramers-Kronig relations, the cusps in the imaginary part of the optical conductivity reflect the sharp onsets in its real part, which occur at |α| = 2|Ω| (cf. Figs. 8(c) and 11) .
The imaginary part of the optical conductivity for ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 is shown in Figs. 12 and 13 , respectively. As in the case of a simple gap ∆ = α sgn (ω), the cusps in Im σ correspond to the sharp onsets in the real part of the optical conductivity (see also Figs. 9 and 10 ). The peaks in the real part of the optical conductivity correspond to the relatively weak drops in Im σ at small Ω. The latter are clearly evident from Figs. 12(c), 13(b), and 13(c).
A common feature for all OF gaps is that the imaginary part of the optical conductivity can become negative for the frequencies preceding the appearance of the peaks in Re σ. For example, this is the case for ∆ = α sgn (ω) at |Ω| 2|α|, which is clearly evident from Fig. 11 . The width of the corresponding region depends on the magnitude of the gap strength α. In order to understand the physical meaning of this result, let us consider the dielectric permittivity ε(Ω). At small frequencies it reads as (see, e.g., Ref. [42, 46] )
where ε ∞ = lim Ω→∞ ε(Ω). Obviously, Re [σ(Ω)] should be positive to describe the dissipation of electromagnetic waves inside the media. On the other hand, there is no physical restriction on the sign of the imaginary part (see, e.g., Ref. [46] ). In particular, while Im [σ(Ω)] > 0 corresponds to the reflection of an electromagnetic wave with sufficiently small frequency, the negative imaginary part Im [σ(Ω)] < 0 increases the effective refractive index and allows for the propagation of light. To the best of our knowledge, such a feature does not appear in conventional even-frequency superconductors. Therefore, the observation of these transparency windows on the onset of the attenuation peaks (i.e., the peaks in the real part of the optical conductivity) might be a promising experimental signature of the Berezinskii pairing. Last but not least, we note that the zeros of dielectric function (46) corresponds to plasmon excitations. While they could in principle exist at small frequencies, the plasmons should be strongly damped at large frequencies, e.g., |Ω| 2|α|, where the attenuation peaks lead to Im ε(Ω) = 0.
V. SUMMARY
In this study, we investigated the spectroscopic signatures of the Berezinskii (or, equivalently odd-frequency) pairing in a simple model of an OF superconductor with a large Fermi surface and a parabolic energy spectrum. The results are obtained for a few ansatzes of the OF superconducting gaps. In addition, a simple non-magnetic disorder is taken into account. While the general expressions for the spectral function, the DOS, and the optical conductivity are valid for an arbitrary dependence of the gap on momentum, we focus on the case of the s-wave pairing.
The analysis of the spectral function and the electron density of states showed that, unlike naive expectations, the OF pairing can be also manifested as the spectral gap. This is explained by the fact that the poles of the Green function are found self-consistently and do not correspond to any quasiparticle states for small frequencies. The width of the spectral gap depends not only on the strength of the gap but also the frequency profile of the OF gaps.
In particular, the spectral gap closes for a relatively weak frequency dependence and the density of states could be enhanced at small frequencies followed by a local minimum. In general, however, it might be challenging to distinguish the Berezinskii pairing from conventional BCS-like superconducting states. Depending on the frequency profile of the gaps, density of states can resemble even the normal state. Indeed, the coherence peaks observed for the OF gaps are qualitatively similar to those for even-frequency gaps and the observation of local minimum might be spoiled by various experimental uncertainties.
On the other hand, the manifestations of the OF gaps in the optical conductivity are rather powerful and unambiguous. In particular, the real part of the optical conductivity Re σ might demonstrate an almost Drudelike behavior for a sufficiently weak dependence of an OF gap on frequency. In addition, the conductivity in this regime depends weakly on the value of the gap. On the other hand, like in the case of the conventional BCS pairing, peaks at certain values of frequency appear in the optical response when an OF gap quickly changes with frequency. The magnitude of these peaks and their position are determined by the frequency profile of the gap. In addition, they are sharper compared to expected peaks for the conventional pairing. Therefore, we believe that the study of the optical absorption quantified by Re σ might be a promising way in the search of the Berezinskii pairing.
The OF gaps have interesting manifestations in the imaginary part of the optical conductivity Im σ. Unlike the case of the BCS coupling, the sharp cusp-like features appear at the onsets of the peaks in Re σ. Moreover, it is found that the imaginary part might become negative in close proximity of cusps. Physically, this suggests that OF superconductors might allow for the optical transparency windows (i.e., regions of the parameter space where the reflection is negligible) for certain frequencies. This effect can be also used to effectively detect the elusive Berezinskii pairing phase in experiments. In the case α=0.1×Λ α=0.2×Λ α=GPR×Λ
The imaginary part of the optical conductivity Im σ for ∆ = α sgn (ω) at a few values of α. We set T = 0.
α=0.1×Λ α=0.2×Λ α=qrs×Λ of flat frequency profiles of the OF gaps, where there are no attenuation peaks, Im σ demonstrates a weak reduction at small frequencies. The latter is in agreement with the enhancement of the real part of the conductivity.
Let us also discuss a few limitations of this study. While the model and the approximation of a large Fermi surface significantly simplify the calculations, a natural extension will be to study the case of Dirac and Weyl semimetals near the charge neutrality point. The nontrivial spin texture and the momentum-dependence of the gap are other ingredients that would need to be included. In addition, in order to study the effect of temperature on the optical conductivity, the dependence of the OF gap on temperature itself should be clarified. The latter, as well as the rigorous determination of the parameter Z(ω, p), requires the self-consistent treatment of the gap equations. These questions are, however, outside the scope of the current research and will be reported elsewhere.
generically not the case for other gap ansatzes. The corresponding results for the OF gap ∆ = αω/ ω 2 + β 2 Λ 2 at a few values of the control parameter β are shown in Fig. 14(a) . As one can see, the deviation from unity is very small for both large (e.g., β ≈ 1) and small values of β, where the electron DOS behaves similarly to the normal and usual BCS phases, respectively. For intermediate β, the sum rule is, however, noticeably broken. As for the OF gap ∆ = αωΛ/ ω 2 + β 2 Λ 2 , the sum rule in Fig. 14(b) is satisfied only at large β (e.g., β ≈ 1) and is broken even at β → 0.
The breakdown of the sum rule (A2) is particularly strong when the gap in the spectral function and the DOS disappear (see the results in Sec. III in the main text) reaching the maximal value exactly at the merging point (e.g., β = α for ∆ = αω/ ω 2 + β 2 Λ 2 ). With the increase of β, however, the sum rule is quickly restored for both OF gaps ∆ = αω/ ω 2 + β 2 Λ 2 and ∆ = αωΛ/ ω 2 + β 2 Λ 2 . Therefore, since the breakdown of the sum rule usually signifies an inconsistency of model, the additional term Z(ω, p) should be taken into account in the calculation of the spectroscopic properties of the OF superconductors. As we argued in the main text, this term might indeed appear in the self-consistent Eliashberg approach and is the renormalization of the wave-function.
In passing, we present the coefficient Z(ω, p) ≈ Z(ξ) in the clean case. As is discussed in Sec. III A in the main text, it is obtained by considering the sum rule (A2) as an integral equation for Z(ξ). The corresponding results are shown in Fig. 15 . The results for the dirty case are presented in Fig. 2 in the main text. In order to mitigate the breakdown of the sum rule at small Ω, the coefficient Z(ξ) clearly correlates to the sum rule breakdown in Fig. 14 reaching the maximal value at small frequencies. It is worth noting that effects of disorder are quantitative rather than qualitative.
